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Abstract
In a 1972 paper, Germain Kreweras investigated noncrossing partitions under the renement
order relation. His paper set the stage both for a wealth of further enumerative results, and for
new connections between noncrossing partitions, the combinatorics of partially ordered sets, and
algebraic combinatorics. Without attempting to give an exhaustive account, this article illustrates
aspects of enumerative and algebraic combinatorics supported by the lattice of noncrossing par-
titions, reecting developments since Germain Kreweras’ paper. The sample of topics includes
instances when noncrossing partitions arise in the context of algebraic combinatorics, geometric
combinatorics, in relation to topological problems, questions in probability theory and mathe-
matical biology. c© 2000 Elsevier Science B.V. All rights reserved.
Resume
Dans un article paru en 1972, Germain Kreweras t une etude des partitions noncroisees en tant
qu’ensemble ordonne. Cet article crea le cadre ou, depuis lors, on a developpe une multitude
de resultats supplementaires ainsi que des nouveaux liens entre les partitions noncroisees, la
combinatoire des ensembles ordonnes et la combinatoire algebrique. Sans ta^cher d’en donner
un traitement au complet, l’article present exemplie quelques aspects enumeratifs et de combi-
natoire algebrique ou interviennent les partitions noncroisees. Ceux-ci mettent en evidence des
developpements survenus depuis la publication de l’article de Germain Kreweras et qui portent
sur des problemes en combinatoire algebrique et geometrique, ainsi que sur des questions reliees
a la topologie, aux probabilites et a la biologie mathematique. c© 2000 Elsevier Science B.V.
All rights reserved.
1. Introduction
A partition of f1; 2; : : : ; ng is noncrossing if whenever four elements, 16a<b<c<
d6n, are such that a; c are in the same class and b; d are in the same class, then the
two classes coincide. The number of noncrossing partitions of an n-element set is the
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Catalan number 1n+1

2n
n

, and, as a member of the ‘Catalan family’, the notion of a
noncrossing partition has a rich and venerable history within enumerative combinatorics.
Whether as the main object of study, as an object where a theorem or theory appplies,
or as a mathematical object serving as a model for a phenomenon of independent
interest, noncrossing partitions appear to support a rich amount of mathematics, in
and beyond enumerative combinatorics. In this paper we attempt to illustrate aspects
of enumerative and algebraic combinatorics supported by the lattice of noncrossing
partitions, reecting developments since Germain Kreweras’ 1972 paper [100]. Without
attempting to give an exhaustive account, we aim to draw attention, through a sample
of topics, to occurrences of noncrossing partitions (and some related combinatorial
objects) outside enumerative combinatorics proper.
Section 2 establishes the notation and summarizes the basic background on enumer-
ative and order-theoretic properties of noncrossing partitions. In Section 3 we overview
some of the work since Kreweras’ seminal paper, in the area of combinatorial enumer-
ation, revolving around q-analogues of the Catalan numbers. In Section 4 we describe
briey some questions and results expressible in terms of the lattice of noncrossing
partitions which are related to topological problems. Geometric objects related to non-
crossing partitions and geometry-inspired generalizations of noncrossing partitions are
the subject of Section 5. In Section 6 we describe two objects of algebraic interest,
a symmetric function and an action of the symmetric group, aorded by the lattice
of noncrossing partitions. In the nal Section 7 we exemplify two further instances
where noncrossing partitions proved to be of interest outside combinatorics | prob-
ability measures and molecular biology | and we conclude with a few examples of
related classes of set partitions. While the bibliography is extensive, it is not complete.
Regretting the omissions, we hope that the list of references oers a starting point for
the reader interested in following up on the sample of topics briey presented here.
2. Denitions, notation, and preliminaries
Given a set of n elements, which we will assume to be [n] := f1; 2; : : : ; ng, a partition
is a family of nonempty, pairwise disjoint sets B1; B2; : : : ; Bk , called blocks, whose
union is the n-element set. The collection of all partitions of [n] will be denoted
by n. As is customary, a partition will be written by listing the elements in each
block in increasing order, and the blocks in increasing order of their minima. Thus,
1 6 7=2 3 5 8=4 is a partition of an 8-element set. A set partition may be represented
graphically. On the real line, join successive elements of each block by arcs drawn in
the upper half-plane (see Fig. 1). Alternatively, the n elements may be represented on
a circle, and circularly successive elements of each block are joined by chords (see
Fig. 1).
A partition of [n] is noncrossing if whenever four elements, 16a<b<c<d6n,
are such that a; c are in the same block and b; d are in the same block, then the two
blocks coincide. The terminology corresponds to the fact that a noncrossing partition
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Fig. 1. Two partitions of [8], in linear and in circular representation: (a) crossing: 1 6 7=2 3 5 8=4, (b) non-
crossing: 1=2 5 6=3 4=7 8.
admits a planar representation (linear and circular), i.e., in which the arcs or chords
intersect only at elements of [n]. We will denote by NCn the collection of noncrossing
partitions of [n]. Fig. 1(b) shows the partition 1=2 5 6=3 4=7 82NC8. For n63, we have
NCn =n; for n= 4 we have 4 − NC4 = f13=24g.
The number of noncrossing partitions of an n-element set is the Catalan number
Cn = 1n+1

2n
n

. A remarkably large and varied number of combinatorial objects of
independent interest, to which we may refer as ‘the Catalan family’, are enumerated
by the Catalan sequence. A list compiled by Richard Stanley [155] currently includes
more than 60 types of such combinatorial objects. From an enumerative point of view, it
is natural to investigate bijections between various classes of objects from the Catalan
family and how various properties and parameters (combinatorial statistics) dened
for one class translate via bijections to other classes. Questions of this type have
an extensive history within enumerative combinatorics. Recent work along these lines
includes, among many more articles, [8,33,48,49,61,78,99,125,177]
In particular, other objects from the Catalan family may be used to encode non-
crossing partitions and Fig. 2 illustrates (for the partition 1 4 6=2 3=52NC6) a few
such examples. When referring to these later, denitions and further information will
be given as needed.
The collection n of all partitions of an n-element set can be viewed as a partially
ordered set (poset) in which the partitions are ordered by renement: if ; 2n,
we have 6 if each block of  is contained in a block of . For n = 7, for ex-
ample, 1=2 5=3 4=6=7< 1 3 4=2 5=6 7. There is a minimum element (the nest partition)
0^ := 1=2=3=    =n, and a maximum element (the coarsest partition) 1^ := 1 2    n. The
renement order yields a geometric lattice on n, which has been extensively studied
as one of the classical posets, and continues to be of interest in algebraic and geomet-
ric combinatorics. The interested reader may nd an overall background on posets in
[1,151].
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Fig. 2. Examples of correspondences within the Catalan family. (a) Noncrossing partition, (b) plane rooted
binary tree, (c) plane rooted complete binary tree, (d) non-associative product, (e) triangulation of a convex
polygon, (f) Catalan path in the plane, (g) increasing parking function, (h) ordered pair of standard Young
tableaux with at most 2 columns, (i) permutation avoiding the pattern 123, ( j) permutation avoiding the
pattern 132.
Kreweras’ 1972 paper [100] presents fundamental results concerning the noncrossing
partitions NCn as a subposet of n. Under the induced renement order, NCn is also
a lattice, but it is not a sublattice of n. It is a meet-sublattice of n, but suprema
in NCn and n need not agree; for example, if  = 13=2=4 and  = 1=2 4=3, then
 _4  = 13=2 4, while  _NC4  = 1^.
The lattice NCn is atomic but it is not geometric for n>4 (the previous example
generalizes to pairs ; 2NCn failing the semimodularity condition). NCn is ranked by
the same rank function as n: rank() = n− bk(), for 2NCn having bk() blocks.
The Whitney numbers of the second kind (i.e., the rank sizes) of NCn are given by
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Fig. 3. The lattice NC4.
the Narayana numbers,
NCn(k) := #f2NCn: rank() = n− kg= 1n
n
k
 n
k − 1

; (1)
for k=1; : : : ; n. Further enumerative results appearing in [100] include the computation
of the Mobius function,
NCn(0^; 1^) = (−1)n−1Cn−1; (2)
and an expression for the number of noncrossing partitions of [n] having type
(1m12m2    nmn),
#NCn(type(1m12m2    nmn)) = n(n− 1)(n− 2)    (n− b+ 2)m1!m2!   mn! ; (3)
i.e., the number of partitions in NCn which have a total of b=m1+   +mn>2 blocks,
among which mi blocks are of cardinality i, for each 16i6n. The rank-symmetry
property apparent from (1) (that is, NCn(k) = NCn(n + 1 − k) for all 16k6n) is
a manifestation of a stronger, structural property proved in [100]: NCn is self-dual.
Fig. 3 shows the Hasse diagram of NC4.
Subsequent work on the noncrossing partition lattice includes chain enumeration
[56,57,59], EL-shellability (using the labeling found by Gessel for n) [17], the k-
Sperner property for all k by virtue of having a symmetric chain decomposition derived,
in turn, from a partition of the elements of NCn into symmetrically embedded boolean
lattices [147]. Also, Kreweras’ work on noncrossing partitions extends beyond [100],
and treats in a combinatorial, statistical, or computer science setting related problems
such as permutation enumeration, Catalan numbers, and lattice paths.
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3. Enumerative combinatorics
Noncrossing partitions have generated a large number of enumerative problems, truly
vast if enumerative work on the entire Catalan family were to be considered. Questions
(such as those treated in [3,61,74,158]) involve exact and asymptotic enumeration,
the distribution and expected value of combinatorial statistics, the use of noncrossing
partitions in solving other enumerative questions. We limit our brief presentation to a
subset of results and questions revolving around q-analogues of the Catalan numbers.
Further remarks are made in Section 7.3.
3.1. The DSV method
A powerful enumerative technique is the DSV method, owing to M.P. Schutzenberger,
le ma^tre whose memory was honored at the FPSAC=SFCA’97 conference. The inter-
ested reader is referred to [42,136] for surveys of the subject and applications. Briey,
the DSV method leads to a generating function in answer to an enumeration ques-
tion, and proceeds as follows. The objects which are to be enumerated are encoded
by words, and these are viewed as a formal language. A grammar is derived for the
language (derivation rules), or a q-grammar (grammar with attributes) in the case when
one seeks to carry out enumeration according to combinatorial statistics. The grammar
rules provide a set of functional relations among generating functions in noncommuting
variables (the letters of the alphabet on which the language is dened). By specializ-
ing the letters suitably, one obtains functional relations among generating functions in
commuting variables, and solving the system of functional equations yields the desired
generating function.
The enumeration of noncrossing partitions in the guise of Catalan paths (see
Fig. 2(f)) provides one of the basic illustrations of the DSV method. A Catalan path
is a lattice path in the plane, starting at the origin and ending at the point (n; n), whose
steps are (1; 0) (East) or (0; 1) (North), and which does not go above the line x = y.
Each such path corresponds bijectively to a partition in NCn as follows. Traverse the
path from the origin to (n; n) and label the East steps 1; 2; : : : ; n in the order in which
they are encountered. The steps of the path can be put in pairs, by treating East steps
as left parentheses and North steps as right parentheses, and pairing two steps if the
corresponding parentheses are matched. Give each North step the label of the East
step with which it is matched. Then the labels on contiguous North steps constitute
the blocks of a partition of [n] and this partition is noncrossing. Figs. 2(a) and (f)
show a noncrossing partition and its corresponding Catalan path. Note that the number
of blocks of the noncrossing partition is equal to the number of EN-corners of the
associated Catalan path. A systematic investigation of statistics on Catalan paths which
have the Narayana distribution (1) is undertaken in [159].
The generating function
C(t; q) = 1 +
X
n>1
X
2NCn
qbk()tn (4)
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can be derived using the DSV method. We encode each 2NCn as a word over the
alphabet fE; N; cg derived from the corresponding Catalan path, with c indicating an
EN-corner. The language C consisting of such words is generated by the grammar
C! +N; (5)
N! E(c +N)N C; (6)
where  denotes the empty word, and N=C−fg (reected in Eq. (5)). The second
grammar rule comes from factoring a nonempty path at its rst (nonorigin) point on
the line x=y. Setting E= t; c= q (commuting variables), and N =1 yields the system
C(t; q) = 1 + N (t; q); (7)
N (t; q) = t(q+ N (t; q))C(t; q); (8)
whose solution gives
C(t; q) =
1− t(q− 1)−
p
(1− t(q− 1))2 − 4t
2t
; (9)
the expression for the generating function (4) of the Narayana numbers. Note that this
describes a q-analogue of the Catalan numbers (several others appear later on),
Cn(q) :=
X
2NCn
qbk(): (10)
Similarly, one may derive a q-analogue of the Schroder numbers (details can be
found in [24]). Modify the denition of Catalan paths, by allowing steps (1; 1) (Diag-
onal) as well. The resulting family Schn of paths are called Schroder paths since they
are enumerated (for n>0) by the sequence of (large) Schroder numbers, Schn, begin-
ning with the values 1; 2; 6; 22; 90; : : : : We omit the application of the DSV method
(with attributes) for enumerating Schroder paths according to their number of Diagonal
steps, mentioning only that the resulting q-analogue of the Schroder number,
Schn(q) :=
X
p2Schn
qn−diag(p); (11)
is related to the q-analogue of the Catalan number derived from the number-of-blocks
statistic on noncrossing partitions by
Schn(q) = Cn(1 + q): (12)
It turns out, as will be seen in Section 5, that this relation has an interpretation from
the point of view of geometric combinatorics.
3.2. The major index on paths
This and the next subsections present a few additional q-analogues derived from
combinatorial statistics on lattice paths which are related to noncrossing partitions.
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The major index is a combinatorial statistic on words, which goes back to the work
of MacMahon. Given a word w = w1w2   wk whose letters wi belong to an alphabet
which is a linearly (totally) ordered set, the descent set of w is
Des(w) := fi: 16i< k; wi >wi+1g: (13)
The major index of w is the sum of the positions of the descents,
maj(w) :=
X
i2Des(w)
i: (14)
The major index statistic can be applied to lattice paths, in particular to Catalan and
Schroder paths as dened in Section 3.1, upon imposing a linear order on the types of
steps allowed for the paths.
For example, the distribution
P
p2P q
maj(p) when P is the subset of Schn consisting
of Schroder paths of length k is either
1
[k − n+ 1]q

2(k − n)
k − n

q

k
2n− k

q
; (15)
if E<N in the linear ordering of the step types, or
qk−n
1
[k − n+ 1]q

2(k − n)
k − n

q

k
2n− k

q
; (16)
if E>N in the linear ordering of the step types ([24]). The notation [a]q indicates
the q-analoque of the (positive) integer a; [a]q := 1 + q + q
2 +    + qa−1, and  abq
denotes the q-analogue of the binomial coecient
( a
b

,ha
b
i
q
:=
[a]q!
[b]q![a− b]q!
; (17)
where [0]q! := 1 and [a]q! := [1]q[2]2    [a]q is the q-analogue of the factorial.
If the class P of paths is the set of Catalan paths Catn, then, with E<N , we
have X
p2Catn
qmaj(p) =
1
[n+ 1]q

2n
n

q
; (18)
a q-analogue of the Catalan number (dierent from (10)) which will arise again in
Section 3.8. With the order N <E, the right-hand side of (18) acquires an additional
factor of qn. These are the special cases of (15) and (16) with zero diagonal steps
(i.e., when k = 2n). Eq. (18) appears in [67], where it is obtained via an extension of
the reection principle to weighted paths.
Further examples of related results include the distribution of the major index on
shues [69] and on n-dimensional lattice paths [99].
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3.3. Area under paths
For a given class of lattice paths in the plane, one may consider the q-analogue of
the path enumerator obtained by counting each path according to the area of the region
bounded between the path and the x-axis,X
p2P
qarea(p): (19)
For the case when P is the set of Schroder paths Schn, questions concerning the
area statistic appear in [24,60]. As one of the referees pointed out, the problem of
enumerating lattice paths by area presents interest in statistics, in connection with
Wilcoxon rank sum statistics [111, Chapter 4, Section 3]. Paths bounded by a diagonal
line (hence, relatives of Catalan and Schroder paths) are relevant in connection with
the joint distribution of the one-sided Kolmogorov{Smirnov statistics and the rank sum
statistics.
In the case of Catalan paths, it is an open problem whether the distribution of the
paths in Catn according to area is unimodal [30]. This question may be viewed in a
broader context: x an integer partition  and consider the polynomial
A(q) :=
X
 
qjj; (20)
where jj is the integer partitioned by , and the range of summation   means that
 ranges over all partitions whose (Ferrers) diagrams are contained in the diagram of
 (more precisely, if i denotes the ith largest summand of  and, similarly, i denotes
the ith largest summand of , then i6i for all i).
In this setting, the unimodality question for Catalan paths counted by area becomes
that of the unimodality of the coecients of the polynomial A(q) in the case when  is
the ‘staircase shape’, =(n−1; n−2; : : : ; 2; 1). When =(a; a; : : : ; a) (that is, its diagram
is a, say, m a rectangle), the polynomial A(q) is the q-binomial coecient
m+a
a

q,
which is known to be unimodal (see, e.g., [2]). On the other hand, A(q) fails to have
unimodal coecients for certain partitions  (innite classes of counterexamples were
found by Stanton [156]). This makes all the more interesting the open problem for
Catalan paths counted by area.
3.4. Partition statistics from restricted growth functions
Returning to set partitions proper, a substantial number of papers treat proper-
ties of the distributions of combinatorial statistics dened in terms of the restricted
growth function representation for set partitions. Given a set partition 2n, write
 = B1=B2=    =Bk in standard form as described in Section 1. Its restricted growth
function w : [n]! [k] is dened by setting w(i)= j if i2Bj. It is convenient to rep-
resent w as a word, w1w2   wn, where wi=w(i). For example, if =1 4 5=2 6=326,
then its restricted growth function is 1 2 3 1 1 2. It is easy to see that in a restricted
growth function we have wi61 +maxfw1; : : : ; wi−1g for each i= 2; 3; : : : ; n, hence the
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terminology. Note that the noncrossing partitions are precisely those whose restricted
growth functions do not contain any 4-term subsequence of the form abab (such as is
1212 in the preceding example).
Several statistics (notably, those denoted lb, ls, rb, rs) were dened in terms of
inversions and noninversions in the word representing the restricted growth function
of a set partition. Results about the corresponding distributions and joint distributions
appear in [44,137,172], and earlier work cited in these.
When the four statistics mentioned above are restricted to noncrossing partitions,
they turn out to enjoy similarly nice properties with regard to equidistribution (e.g.,
ls and rb have the same distribution over the noncrossing partitions of [n] with k
blocks, just as they have the same distribution over all the partitions of [n] with
k blocks), and these results have bijective proofs [141]. Moreover, in the case of
noncrossing partitions, the distributions of the four statistics behave well with respect
to poset-theoretic properties of the lattice NCn. For example, they rene the rank
symmetry of NCn and its decomposition into symmetrically embedded boolean lattices.
A generalization unifying results in [141,172] is provided in [176].
3.5. Combinatorics of orthogonal polynomials
A fruitful line of investigation connecting combinatorics and the theory of orthogonal
polynomials is that of seeking combinatorial models for orthogonal polynomials and
their moments. More specically, given a sequence fmngn of integers which are the
moments of a family of orthogonal polynomials, is there a (natural) family fMngn of
sets of combinatorial objects such that mn = #Mn for each n?
For example, the moments of Hermite polynomials can be described combinatorially
in terms of (partial) matchings of a (nite) set, and an interesting q-analogue arises
from the enumeration of the matchings according to the number of crossings [88]
(i.e., the minimum number of crossings when a partial matching is viewed as a set
partition into blocks of size 1 or 2, and is drawn in linear representation, as described
in Section 1). Catalan numbers arise as the moments of Chebyshe polynomials and a
combinatorial model based on lattice paths with weighted steps appears as an example
in [169].
A general approach to this question, relying on weighted paths as the combinatorial
model, is described by Viennot in [169] (a complementary unifying point of view is
taken in [9]), and the extensive list of publications on this topic includes [45,46,63,88]
to cite a few. Beautiful connections with continued fractions are pointed out in [60] and
further related results concerning permutation statistics and q-Catalan numbers appear
in [65,128,129].
The moments of Laguerre polynomials are factorials, so they lend themselves
naturally to the combinatorial interpretation of enumerating permutations. An 8-fold
q-analogue of the Laguerre polynomials is investigated in [146]. These octabasic La-
guerre polynomials arise from considering the joint distribution of eight combinatorial
statistics on permutations. The statistics are dened in terms of inversions, whose count
R. Simion /Discrete Mathematics 217 (2000) 367{409 377
is rened by distinguishing four types of elements in a permutation, according to the
position of an element in its run (a run is a maximal increasing sequence of contigu-
ous values in a permutation). Upon specializing the eight q’s, these octabasic Laguerre
polynomials yield a variety of orthogonal polynomials, and the octabasic permutation
model specializes to other recognizable combinatorial objects. In particular, one obtains
as specializations several classes of set partitions, including noncrossing partitions, non-
crossing matchings (i.e., noncrossing set partitions whose blocks are of cardinality 1
or 2 only), nonoverlapping and a subclass of nonnested partitions (see Section 7.3),
as well as noncrossing partitions with side-conditions on the relative position of the
blocks (e.g., only 2-element blocks may be ‘nested’ under another block in the lin-
ear representation of the partition). A four-fold q-analogue studied by Rawlings [130]
specializes to generalizations of Catalan and Eulerian numbers.
3.6. Noncrossing partitions vs. restricted permutations
A permutation  of [n] may be written as a word =(1)(2)    (n). We say that
 contains the pattern , where  is a permutation of [k], if there exist 16i1<i2<
  <ik6n such that for every j and ‘ such that 16j<‘6k, we have ((ij) −
(i‘))((j)−(‘))> 0. Informally,  contains the pattern  if it contains a subsequence
of k terms whose pairwise relative magnitudes (‘monotonicity pattern’) are those of
the corresponding terms in . For example, =3 5 2 1 4 contains the pattern =3 2 1
(two occurrences: 3 2 1 and 5 2 1) as well as = 2 3 1; 1 3 2; 2 1 3, and 3 1 2, and
it does not contain the pattern  = 1 2 3. We write Sn() for the set of permutations
of [n] which do not contain (or ‘avoid’) a given pattern .
Permutations with pattern restrictions arise in theoretical computer science in con-
nection with sorting a sequence using a network of stacks and queues [95,163]. The
sequences sortable with one stack, for example, are precisely those which avoid the
pattern =2 3 1. (For an arbitrary network of stacks and queues, the sortable sequences
may not admit a characterization in terms of forbidden patterns.)
It is not dicult to show, for each 3-letter pattern , that the number of permutations
of [n] which avoid  is #Sn() = Cn, the nth Catalan number [95]. Thus, #Sn() is
independent of the choice of 2 S3, and a discussion of bijections between Sn() and
Sn(0) for the dierent possible choices of ; 0 2 S3 appears in [144]. Fig. 2 shows a
succession of bijections (a shortcut is possible) whose composition maps noncrossing
partitions of [n] to Sn(123) and to Sn(132). The independence of the choice of the
pattern fails for longer patterns. This has generated a signicant amount of further
investigation and conjectures. Work on exact and asymptotic enumeration of classes of
restricted permutations (for single patterns or multiple patterns of the same or dierent
lengths, or for a specied number of occurrences of a pattern) includes [7,19], (general-
ization of permutations to linear extensions of posets), [21,22,31,119,124,131,144,175].
Permutations with pattern restrictions turn out to relate to subjects outside enumera-
tive combinatorics, for example, in the context of tableaux [53], maps [52], Schubert
varieties [15,104], and Kazhdan{Lusztig polynomials [27,103].
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Two classical combinatorial statistics on permutations are the descent statistic and
the major index (dened in Section 3.2). Another statistic is the number of excedences.
We say that a permutation  of [n] has an excedence at i if (i)>i. For example,
 = 2 4 3 1 6 5 has 3 excedences (at i = 1; 2; 5), and we write exc() = 3. It turns
out that the descent and excedence statistics are equidistributed over all permutations
of [n], for every n [151, pp. 21{23]. A natural enumerative question is: does there
exist a permutation statistic whose joint distribution with exc is the same as the joint
distribution of des and maj? The answer is armative, as shown in [64]. The desired
companion to exc stems from work in physics by Denert and is called the Denert
statistic (we denote it by Den). An alternative insightful (bijective) proof is given in
[81]. Subsequent developments concerning pairs of statistics whose joint distribution
is that of des and maj (called Euler{Mahonian pairs) include work elucidating on the
pair exc-Den (see [34] and two previous papers in a three-part series of articles by the
same authors), and producing new statistics whose distribution coincides with that of
maj (see, e.g., [35,68]).
Permutations with 3-letter pattern restrictions turn out to relate elegantly to non-
crossing partitions under a ner count in terms of the joint distribution of pairs of
combinatorial statistics [141]:X
2Sn(132)
qdes()pmaj() =
X
2Sn(321)
qexc()pDen() =
X
2NCn
qbk()prb(); (21)
where rb is one of the statistics on set partitions dened in terms of the restricted
growth function (Section 3.4).
3.7. Alternating Baxter permutations
The class of Baxter permutations can be dened in terms of pattern restrictions as
Sn(2413;3142). This means those permutations which avoid simultaneously the patterns
2413 and 3142, in which the roles of 2 and 3 are played by consecutive values (this
is the signicance of the underlining in the patterns). That is, in =(1)(2)    (n),
if in between two consecutive values 16v; v + 16n occur both values smaller than
v and values larger than v + 1, then the former are positioned ‘close to v’ and
the latter are positioned ‘close to v + 1’. More precisely, for each 16v<n, let
i := −1(v) and ‘ := −1(v+1); if i< j<k <‘, then (j)>v+1 implies (k)>v+1
(equivalently, (k)<v implies (j)<v); also, if ‘<j<k< i, then (k)>v + 1
implies (j)>v + 1 (equivalently, (j)<v implies (k)<v). Thus, for n63 all
permutations are Baxter, and for n = 4 the only non-Baxter permutations are 2413
and 3142 (for which the dening condition fails for v = 2). As another example,
2 14 13 15 4 8 5 6 3 7 1 12 9 11 10 is a Baxter permutation for n= 15.
Baxter permutations were considered in work of Baxter and Mallows, then Chung
et al. [32], and later in [37,54,55,75,77], with regard to enumerative, algorithmic, and
algebraic properties. In [37], Cori et al. answer a question posed in earlier work, by
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giving a combinatorial proof for an identity involving Catalan numbers:
CnCn+1 =
nX
k=0

2n
2k

CkCn−k : (22)
The idea of the proof is to show that both sides count alternating Baxter permutations
of [2n+1], that is, permutations of [2n+1] which are Baxter and satisfy the alternating
condition (1)<(2)>(3)<   <(2n)>(2n + 1). (The earlier example of a
Baxter permutation of 15 elements is alternating.) The key tool is an encoding of
permutations as binary trees such that: (1) the trees are complete, ensuring that the
permutations are alternating, and (2) the trees are generated by insertion rules which
guarantee the Baxter property of the corresponding permutations. The insertion rules
and recursive properties of the trees are then used to show that they are counted by
either side of (22). This approach also shows that (Cn)2 is the number of alternating
Baxter permutations of [2n].
The approach used in [37] is extended in [55] to count alternating Baxter permuta-
tions according to the statistic cdes which is dened for alternating permutations  in
general:cdes() := des(peaks()) + des(valleys()); (23)
where peaks() is the subword of  formed by the local maxima of , and valleys()
is the subword formed by the local minima of . For the earlier example, peaks() =
14 15 8 6 7 12 11 and valleys() = 2 13 4 5 3 1 9 10, and so cdes() = 3 + 3 = 6.
This ‘alternating descent statistic’ yields q-analogues for the results of [37]:
X
2SN
alt:Bax:
q bdes() =( 1q2C2n (q); if N = 2n;
1
q2Cn(q)Cn+1(q); if N = 2n+ 1:
(24)
For example, when N =4, there are four alternating Baxter permutations: 1 3 2 4; 1 4
2 3; 2 3 1 4, and 3 4 1 2; the distribution of cdes on these permutations is 1+2q+q2=
(1 + q)2, and indeed 1 + q = 1qC2(q), the distribution by the number of blocks minus
one, for noncrossing partitions of a 2-element set.
The alternating descent statistic cdes was introduced in [55] for the purpose of re-
ning the enumeration of a dierent class of permutations (related to Schroder paths).
Interestingly, it turned out to provide also the q-analogue (24) and a connection with
the combinatorics of polytopes (see Section 5).
We should note that our denition of alternating permutations is, in fact, more specif-
ically the denition of ‘up-down’ alternating permutations (i.e., permutations in which
ascents and descents alternate, starting with an ascent). The same results hold for
‘down-up’ alternating permutations.
A question of possible interest arises, inspired by work of Niven [117]. In the case
of all permutations of [n], the alternating permutations are most numerous among all
the 2n−1 possible ascent{descent patterns. Niven’s proof of this fact does not transfer
to Baxter permutations, although numerical data suggests that the alternating pattern
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Fig. 4. Explanation for the notation in Eq. (25).
is the most numerous in this case as well. More generally, what can be said about
the hierarchy of the 2n−1 ascent{descent patterns, when we deem one pattern less than
another if it is realized by fewer permutations of [n]?
3.8. Noncrossing partitions vs. diagonal harmonics
We close the enumeration section with a remarkable two-variable analogue, Cn(q; t),
of the Catalan number. This was introduced by Garsia and Haiman [71], in studying
the bigraded dimension of alternating diagonal harmonics. The diagonal harmonics
and the Cn(q; t)’s are closely related to the famous Kostka{Macdonald coecients,
which are the subject of the ‘n! conjecture’ (see [70,72,80]). Both the setting and the
developments so far indicate that the analogue of the Catalan number Cn(q; t), dened
next, is anchored in a wealth of beautiful and intriguing mathematics.
In connection with the study of the Frobenius characteristic of the module of diagonal
harmonic polynomials and the Hilbert series of the diagonal harmonic alternants, Garsia
and Haiman consider the function:
Cn(q; t) :=
X
‘n
t2
P
‘q2
P
a(1− t)(1− q)Q0;0(1− qa0 t‘0)P qa0 t‘0Q
(qa − t‘+1)(t‘ − qa+1) : (25)
The sum ranges over all partitions  of n, and for each  we have a rational function
in which the sums and products range over the cells of the diagram of . For each
cell (see Fig. 4), a denotes its arm (the number of cells to its right in the same row),
a0 denotes its co-arm (the number of cells to its left in the same row), ‘ denotes its
leg (the number of cells below it in the same column), and ‘0 denotes its co-leg (the
number of cells above it in the same column). Thus,
P
‘ means the sum of the legs
of all cells in the diagram of , etc. The notation
Q0;0 indicates that the product ranges
over all the cells except the cell in the left-most column, top row. Notice that Cn(q; t)
is symmetric in q and t, since conjugating a partition  results in interchanging the
roles of arm and leg, and of co-arm and co-leg.
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For example, the two partitions of 2;  = 2 and  = 1; 1 give
C2(q; t) =
t20q21(1− t)(1− q)(1− q)(1 + q)
(q− t)(1− q2)  (1− t)(1− q)
+
t21q20(1− t)(1− q)(1− t)(1 + t)
(1− t2)(t − q)  (1− t)(1− q)
=
q2
q− t +
t2
t − q = q+ t; (26)
which is a polynomial!
It was conjectured by Garsia and Haiman that Cn(q; t) is always a polynomial and
that its coecients are nonnegative. The rst part of the conjecture was proved in [79];
see also [10]. Haiman also proved that a more general function, C(m)n (q; t) incorporating
an extra parameter m, is a polynomial with nonnegative coecients, if the parameter
m is suciently large. Haiman’s approach involves algebraic geometric methods. The
relation between C(m)n (q; t) and the original Cn(q; t) is that C
(1)
n (q; t) = Cn(q; t), and
thus, the nonnegativity conjecture for Cn(q; t) remains open. It would follow from a
conjecture about the Frobenius characteristic of the module of diagonal harmonic poly-
nomials, in which Cn(q; t) is the coecient of the elementary symmetric polynomial.
As evidence supporting their conjecture, Garsia and Haiman showed that two spe-
cializations yield polynomials with nonnegative coecients. One is
Cn

q;
1
q

 q( n2 ) = 1
[n+ 1]q

2n
n

q
; (27)
which is the q-analogue of the Catalan number (18), arising from enumerating Catalan
paths by their major index (Section 3.2). The other is
Cn(q; 1) = Cn(1; q) =
nX
k=1
qk−1Ck−1(q; 1)Cn−k(q; 1); (28)
which shows that Cn(q; 1) is the (reciprocal polynomial of the) q-analogue of the
Catalan number Cn obtained by counting Catalan paths according to the area under
the path (Section 3.3). Indeed, Eq. (28) corresponds to the recurrence relation for
q-counting paths by area, and the initial conditions agree.
This invites the challenge of seeking two combinatorial statistics on Catalan paths (or
other objects from the Catalan family), whose joint distribution is Cn(q; t), thus showing
both that it is a polynomial and that the coecients are nonnegative. Of course, the
desired statistics would have to agree with the combinatorial interpretations of the two
specializations computed by Garsia and Haiman. Part of the subtlety of this problem
is revealed even by the modest example computed above: in the evaluation of C2(q; t),
the contributions of individual partitions  are not themselves polynomials. Hence, a
combinatorial approach ‘partition by partition’ would have to address the cancellation
of terms contributed by dierent partitions . A reference of possibly related interest
is [41].
382 R. Simion /Discrete Mathematics 217 (2000) 367{409
4. Connections with topology
Graph theory provides a long-standing avenue for connections between combinatorics
and topology. Two specic settings where these connections manifest themselves are
the study of embeddings of graphs in surfaces and the use of diagrams in knot theory.
This section gives a brief description of a couple of problems related to these areas
and in which noncrossing partitions arise.
4.1. Maps
By a (hyper)map we mean a cellular embedding of a (hyper)graph into an orientable
surface without boundary. Fig. 5 shows a hypermap with two vertices, a and b, and
three hyperedges aaa; aabbb, and bb, in the 2-sphere.
Let N be the number of vertex-hyperedge incidences. In Fig. 5, we have N = 10
and the incidences are labeled on the gure. Upon choosing an orientation, a (hy-
per)map can be encoded via two permutations. One is a permutation 2 SN whose
cycles describe the vertices of the (hyper)map, by reading the incidences at each ver-
tex in a succession according to the chosen orientation. The other is a permutation
2 SN whose cycles describe the (hyper)edges of the map, by reading the incidences
of each (hyper)edge according to the opposite orientation. For example, the hyper-
map of Fig. 5 with arrows indicating the orientation, gives  = (1 2 3 4 5)(6 7 8 9 10)
and  = (1 2 3)(4 5 8 9 10)(6 7). Furthermore, the cycles of the permutation −1 rep-
resent the regions (or faces) of the (hyper)map. In our example, the permutation
−1=(1)(2)(3 1 0 7 5)(4)(6)(8)(9) has seven cycles, each describing a dierent 2-cell
of the complement of our hypermap in the 2-sphere.
With the notation above and z() denoting the number of cycles of a permutation
, the relation
z() + z() + z(−1) = N + 2− 2g (29)
denes the genus, g, of the hypermap. In our example, we obtain 2+3+7=10+2−2g,
which yields g = 0, consistent with the existence of an embedding in the sphere. In
general, if two permutations ; 2 SN generate a transitive subgroup of SN , then they
represent a (hyper)map in the sense described above, and the value of g computed
from Eq. (29) agrees with the topological notion of genus (the minimum genus of an
orientable surface in which the (hyper)map can be embedded). In the case of a map,
each edge is incident to two vertices, hence, N = 2z(), and Eq. (29) is the familiar
Euler formula #vertices − #edges + #faces = 2 − 2g. The encoding of hypermaps by
means of pairs of permutations has proved useful in the context of theoretical computer
science (a central reference is [36]), and [39] develops a combinatorial theory which
parallels certain topological results concerning the notion of genus. From the point
of view of graph theory, there is a vast literature pertaining to the relation between
coloring and genus, and the enumeration of maps having a given genus along with
additional structural properties. This includes work in the 1960s and 1970s by Youngs,
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Fig. 5. A hypermap in the plane.
Walsh and Lehman, Tutte, and the interested reader may nd references and further
information in [4,38,43,90,173].
A special case is that of hypermaps with a single vertex, which we may assume to
be given by the permutation = (1 2   N ). If the permutation  has only ‘increasing
cycles’, i.e., each cycle can be put in the form (i1 i2    ik) with i1<i2<   <ik , then
the map can be identied with a partition of the set f1; 2; : : : ; Ng. By comparison with
the circular representation of a partition (Fig. 1), the hypermap shows the blocks as
hyperedges on the outside of the circle representing its unique vertex. Such a hypermap
has genus zero precisely when the cycles of  constitute the blocks of a noncrossing
partition of f1; 2; : : : ; Ng. Hence, noncrossing partitions can be viewed as partitions
of genus zero (see, e.g., [55], where the alternating descents statistic cdes described
in Section 3.7 is applied to alternating permutations of genus zero and is related to
Schroder paths enumerated by their number of diagonal steps).
4.2. Map coloring and determinants
In the context of seeking a proof of the Four Color Conjecture, Birkho introduced
the chromatic polynomial. Being a more informative invariant than the chromatic num-
ber alone, it was hoped that the chromatic polynomial (or chromial) may help solve
the celebrated problem on coloring planar maps. Special attention was focused on a
particular class of maps in the plane: maps in which all faces are required to be tri-
angles, except the unbounded region whose boundary has, say, n vertices (‘n-ring’).
For such maps M , Birkho and Lewis [16] dened two families of polynomials, called
constrained chromials and free chromials. We will describe these only briey, refer-
ring the interested reader to [165] or [40] for more information. A constrained chromial
C(M; ; ) is dened in terms of a partition  of the set of vertices that lie on the
n-ring of M . It is the function giving the number of proper vertex colorings of M if 
colors are available, with the further condition that two vertices on the n-ring have the
same color if and only if they belong to the same block of . Thus, M has a family
of constrained chromials, one for each partition  of the n-ring. A free chromial of M
is the (usual) chromial of a graph obtained from M through two types of operations:
identifying pairs of adjacent vertices on the n-ring and adding edges (across the un-
bounded region of M) between pairs of vertices on the n-ring. So M has a family of
free chromials obtained from making dierent choices of the operations to perform.
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The Birkho{Lewis equations [16] express each free chromial of M as a linear
combination of constrained chromials. The goal of Birkho and Lewis was to invert
these relations, thus expressing each constrained chromial as a linear combination of
free chromials. They carried this out for maps with n = 5 vertices on the ring, and
subsequently, Hall and Lewis (1948) solved the problem for n = 6, and Hall (1977)
partially solved the case n= 7.
Later, Tutte introduced a reformulation of the Birkho{Lewis equations (see [165]).
This was a generalization to planar maps (not requiring a triangulation inside the
n-ring), and the free chromials were redened in terms of partitions of the set of ver-
tices that lie on the n-ring. In this reformulation, solving for the constrained chromials
in terms of free chromials is a matter of Mobius inversion on the lattice of set par-
titions. Tutte also showed that these new free chromials can be expressed as linear
combinations of free chromials associated with noncrossing partitions, and the new
challenge became to nd the coecients in these expressions. This, in turn, requires
inverting the matrix of chromatic joins,
An(q) := [qbk(_n )];2NCn ; (30)
which raises the question of nding the determinant det(An(q)) of this matrix.
As a preliminary observation, it is not dicult to check that the polynomial det(An(q))
is not identically zero: its highest degree term arises exclusively from the main diago-
nal of the matrix. But nding an expression for det(An(q)) is challenging in particular
because the entries of the matrix An(q) are ‘hybrids’ of the lattice n of all partitions
and the lattice NCn of just noncrossing partitions of an n-set: the suprema of non-
crossing partitions are computed not in NCn but in n. Four related determinants were
evaluated by Jackson [89]:
det[qbk(^n )];2n =
nY
m=1
(q ~m (q))
( nm)B(n−m); (31)
det[qbk(_n )];2n =
nY
m=1
(qm(q))
S(n;m); (32)
det[qbk(^NCn )];2NCn = q
( 2n−1n )
nY
m=1
( ~NCm(q))
( 2n−1−mn−1 ); (33)
det[qbk(_NCn )];2NCn = q
Cn
nY
m=1
(NCm(q))
( 2n−1−mn−1 ); (34)
where: P(q) denotes the characteristic polynomial of the poset P (that is, if the max-
imum element of P has rank h and  is the Mobius function of P, then P(q) :=P
p2P (0^; p)q
h−rank(p)); ~P(q) denotes the reciprocal polynomial of P(q); and P
 is
the order-dual of P (the ‘6’ relation is replaced with ‘>’).
In (31) B(n−m) is the Bell number, the total number of partitions of an (n−m)-set;
in (32) the exponent S(n; m) is the Stirling number of the second kind, denoting
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the number of partitions of an n-set into m blocks. A key element in the proofs
of (31){(34) is a general theorem of Lindstrom [107]. Suppose that the rows and
columns of a matrix are indexed by the elements of a (meet semi-)lattice L and that
the (x; y)-entry is given by the value (assumed in a commutative ring) of a function
f on the inmum in L of the elements x and y. Then Lindstrom’s theorem provides
an expression for the determinant of the matrix [f(x^L y)]x;y2L. The expression is the
product of the values of the Mobius-inverse of the function f. A dual result holds as
well for the determinant of a matrix of the form [f(x _L y)]x;y2L. Thus, Lindstrom’s
theorem applies to each of the four determinants (31){(34). Because the number of
blocks of a partition is its co-rank, the Mobius inversion leads to the occurrence of
the characteristic polynomial. The particular form of the products in (31){(34) results
from exploiting further information about the lattice in question: the Mobius function,
characteristic polynomial, rank-generating-function, the structure of intervals, and the
enumeration of partitions according to their type. For NCn these useful facts were
established by Kreweras [100]. Also, (33) and (34) can be deduced from each other
by using the self-duality of the lattice of noncrossing partitions.
The determinant of the matrix of chromatic joins (30) is a much thornier problem:
one cannot resort to Lindstrom’s theorem, since the supremum is computed in a dierent
lattice from that whose elements index the matrix. A conjectural product expression
was given in [89], in terms of Beraha polynomials. These are related to Chebyshev
polynomials of the second kind (via a simple reparametrization) and have multiple
occurrences in graph theory. For m>0, the mth Beraha polynomial is
Pm+1(q) =
X
06j6[m2 ]
(−1)j

m− j
j

q[
m
2 ]−j for m>0; and P0(q) = 0: (35)
The rst few in the sequence of Beraha polynomials are P0(q)=0; P1(q)=1; P2(q)=1;
P3(q)=q−1; P4(q)=q−2, P5(q)=q2−3q+1; P6(q)=q2−4q+3. One of their many
interesting properties is that each Pm(q); m>3, has a unique irreducible factor Fm(q)
which does not occur in the polynomials with lower index (the restriction m>3 can be
removed by using a more general form of the polynomials; see, e.g., [40]). For example,
F3(q)=q−1; F4(q)=q−2; F5(q)=q2−3q+1, F6(q)=q−3, and we also set F2(q)=1.
The determinant of the matrix of chromatic joins turns out to admit a remarkable
factorization. One expression, due to Tutte [166], is in terms of ratios of Beraha poly-
nomials; another, due to Dahab [40], is in terms of irreducible factors of Beraha poly-
nomials:
det(An(q)) = q(
2n−1
n )
n−1Y
m=1

Pm+2(q)
qPm(q)
m+1
n (
2n
n−1−m)
; (36)
where Pm(q) denotes the mth Beraha polynomial,
det(An(q)) = qCn
nY
m=1
(Fm+1(q))n;m ; (37)
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where Fm(q) is, as earlier, the irreducible factor of the mth Beraha polynomial not
present in the Beraha polynomials of lower index, and the powers n;m are given by
the dierence between the nth Catalan number and the coecient of xn obtained from
a continued fraction:
n;m = Cn − [xn](Gm−1(x));
Gr(x) =
1
1− xGr−1(x) ; G0(x) = 1:
For example,
det(A2(q)) = det
"
q2 q
q q
#
= q2(q− 1);
which is expressible as in (36) as
q(
3
2 )

q− 1
q  1
2
2 (
4
0 )
:
We also have 2; 1=C2−[x2](G0(x))=2, and 2;2=C2−[x2](G1(x))=C2−[x2]

1
1−x

=1,
and det(A2(q)) = qC2F2(q)2F3(q) as in (37). Similarly, the 5 5 matrix of chromatic
joins A3(q), whose determinant by direct computation is det(A3(q))=q10−6q9+14q8−
16q7 + 9q6 − 2q5, illustrates the formulae (36) and (37):
det(A3(q)) = q(
5
3 )

q− 1
q  1
2
3 (
6
1 )q− 2
q  1
3
3 (
6
0 )
= q5(q− 1)4(q− 2): (38)
Of course, since all partitions of an n-set are noncrossing for n63, the determinants
in these two examples agree with the expressions in (32) and (34).
In Tutte’s proof, a sequence of determinants beginning with det(An(q)) is dened,
and formula (36) results from an analysis of the relation between successive determi-
nants in the sequence. A similar strategy is used in Dahab’s proof, where the relation
to the combinatorics of maps is made explicit and the desired determinant is obtained
upon specializing a two-variable generalization, involving ‘primal-dual’ pairs of maps.
4.3. Lickorish’s bilinear form and noncrossing matchings
The next illustration concerns a determinant as well. This arises in the subject
of polynomial invariants of classical links, more specically, in the investigation of
3-manifold invariants due to Witten (1989), Reshetikin and Turaev (1991). In the
context of proving the existence of these invariants through a combinatorial and topo-
logical approach, Lickorish [106] considered the free Z[q]-module Vn generated by
the noncrossing partitions of a 2n-set such that each block is of size 2. We de-
note the collection of such partitions by NC(2n, match), since they may also be
referred to as ‘noncrossing perfect matchings’. A bilinear form is dened on Vn as
follows. Let ; 2NC(2n;match). Use the usual linear representation for , while for
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Fig. 6. A pair of noncrossing perfect matchings ; 2NC(10;match) for which Lickorish’s bilinear form
has value h; i = q2.
 draw the arcs below the points 1; 2; : : : ; 2n. An example is shown in Fig. 6, where
 = 1 2=3 10=4 5=6 9=7 8 and  = 1 10=2 3=4 9=5 8=6 7 are from NC(10;match). The
union of the arcs of  and  yield a simple closed curve. If we denote the number
of connected components of this curve by c(; ), then the bilinear form is given by
h; i= qc(;).
Lickorish’s approach required proving that the determinant of the matrix representa-
tion of this bilinear form,
Ln(q) := [qc(;)];2NC(2n;match) (39)
has determinant zero if q=2 cos(=(n+1)). This was proved by Ko and Smolinsky
[96] (see also [50]) using an elegant sequence of recurrence relations leading to an
expression for det(Ln(q)) as a product of ratios of determinants of the form
det
2666666666664
q 1 0 0 : : : : : : 0
1 q 1 0 : : : : : : 0
0 1 q 1 0 : : : 0
...
...
0 0 : : : 0 1 q 1
0 0 : : : 0 1 q
3777777777775
: (40)
Such determinants are familiar in graph theory: if the matrix is m  m, then its de-
terminant is the characteristic polynomial of a path with m vertices. The roots are
2 cos(k=(m + 1)), for k = 1; : : : ; m and the desired conclusion about det(Ln(q)) then
follows from an analysis of the zeros in dierent factors.
But the Beraha polynomials are closely related to the matching polynomials of paths,
which coincide with the characteristic polynomials of paths (in general, the matching
and characteristic polynomials coincide when the graph is a forest). Moreover, the ma-
trix Ln(q), like the matrix of chromatic joins, can be described in terms of noncrossing
partitions. Indeed, every noncrossing perfect matching 2NC(2n;match) corresponds
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bijectively to a noncrossing partition 0 2NCn which is obtained by identifying the
point 2i− 1 with the point 2i and numbering the new point as i, for i=1; : : : ; n. Thus,
referring to the example in Fig. 6, 0 = 1=2 3 5=4 and 0 = 1 2 5=3 4 are the corre-
sponding partitions in NC5. In this setting, the value of Lickorish’s bilinear form can
be described as
h; i= qbk(0_n0)+n−bk(0^0): (41)
(Since the inmum of two noncrossing partitions in NCn agrees with that in n, there
is no need to specify in which lattice it is computed.) Thus, the determinant for the
matrix representation of Lickorish’s bilinear form turns out to be closely related to the
questions discussed in the preceding subsection, both in its description via noncrossing
partitions and with regard to the strategy by which its determinant was successfully
analyzed. We intend to pursue this relation in a future paper.
4.4. Remarks and an open problem
The following question was mentioned to the author in 1991 by Carl Lee. What is
the number of pairs (; ) of noncrossing perfect matchings of 1; 2; : : : ; 2n such that
the union of the arcs in their linear diagrams as described in the preceding subsection
has exactly one connected component? Equivalently, using the terminology from Sec-
tion 4.3, for how many pairs (; )2NC(2n;match) NC(2n;match) is the Lickorish
bilinear form equal to q?
In view of the description (41) of the Lickorish bilinear form, the question can
also be formulated in terms of n and NCn. Namely, since the rank and the number
of blocks sum up to n for each partition in n, we have c(; ) = 1 if and only if
n− 1− rank(0 _n 0) + rank(0 ^ 0) = 0. But this is equivalent to 0 _n 0 = 1^, the
maximum element of n, and 0 ^ 0 = 0^, the minimum element of n. That is, the
question becomes: how many pairs of noncrossing partitions from NCn are complements
when viewed in the lattice n of all partitions? Like the question of the determinant
of the matrix of chromatic joins, this question involves an interaction between n and
NCn. The answer to the exact enumeration question seems dicult and good bounds
are of interest. A discussion of numerical data, bounds, and asymptotics appears in
[51,101].
Under the name (systems of) meanders, the curves formed by (; )2NC(2n;match)
NC(2n;match) have enjoyed attention in a variety of settings. Among the references,
[50,51] treat, e.g., asymptotic enumeration and determinants, including the determinant
det(Ln) mentioned in Section 4.3; [102] treats combinatorial properties of meanders
in the euclidean and projective plane; together with [101] and their bibliographies,
they indicate that interest in the study of meanders may be traced back to Poincare’s
work on dierential geometry, and occurs in a wealth of contexts more recently: the
Temperley{Lieb algebra, statistical mechanics, polymer folding, theoretical computer
science.
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In closing this section, we note that if NCn is replaced by an arbitrary sub-meet-
semilattice Ln of n, then the expression for det [qbk(_n )];2Ln does not necessarily
admit an elegant product expression such as does det(An(q)) from Section 4.2. Thus,
there is something special and not fully understood about noncrossing partitions as a
sub-meet-semilattice of n, and we are currently exploring this matter through several
extensions and variations, including matrices arising in other mathematical contexts.
5. Relations with geometric combinatorics
The last couple of decades have known a surge of combinatorial research related
to convex polytopes, hyperplane arrangements, and reection groups, resorting to tools
from geometry, topology, algebra, and algebraic geometry. Here we will briey illus-
trate two instances featuring noncrossing partitions: work related to a convex polytope
called the associahedron and generalizations of noncrossing partitions in association
with dierent root systems. For additional background, the interested reader may con-
sult [84,86,178].
5.1. The associahedron
Consider a convex (n + 2)-gon, Pn, n>2. Let  n denote the collection of all the
subsets of pairwise noncrossing diagonals of Pn (thus, two diagonals in the same
set may be disjoint or may intersect in a vertex of Pn). Since  n is closed under
taking subsets, it constitutes an abstract simplicial complex. The faces (simplices) of
 n correspond to dissections of the polygon. The facets (maximal faces) correspond
to the triangulations of Pn, so the dimension of  n is n− 2, since a triangulation has
n− 1 diagonals.  n appears in work by Stashe (1963). Independently, Micha Perles
posed the question of whether  n is polytopal: is there a convex polytope Qn whose
boundary complex is  n? That is, can  n be realized as the boundary of the convex
hull of nitely many points in Euclidean space? Such a polytope would necessarily
have to be (n − 1)-dimensional and simplicial (i.e., all of its faces would have to be
simplices). For example,  2 consists just of the empty face and two singleton sets
(the two diagonals of a convex quadrilateral are crossing), and can be realized as the
boundary complex of a line-segment. When n = 3, in addition to the empty face,  3
has ve 0-dimensional simplices (vertices) and ve 1-dimensional simplices (edges),
and can be realized as the boundary of a 2-dimensional convex polytope: a convex
pentagon (see Fig. 7). Fig. 8 shows Q4.
The answer to Perles’ question is indeed armative for all n>2, and the desired
polytope Qn is called the associahedron. (Note that  n species only the incidence re-
lations required among the faces, the so-called combinatorial type of the polytope, and
not a particular convex subset in Euclidean space.) General descriptions for Qn were
given by Milnor, Haiman (in terms of linear inequalities, unpublished), and Lee [105]
(in terms of a sequence of stellar subdivisions of a simplex). Penner and Waterman
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Fig. 7. The simplicial complexes  2 and  3 realized as the boundary of convex polytopes: (a) Q2, (b) Q3.
Fig. 8. The associahedron Q4.
[121] (see also Section 7) proved the sphericity of the topological space  n (i.e., it
can be realized as a triangulation of a topological sphere), which is a necessary but
not sucient condition for being polytopal. In a dierent context, polygon dissections
are investigated, for example, in [132].
A basic invariant for a convex polytope is its f-vector. If the polytope has (ane)
dimension d, then its f-vector is f = (f−1; f0; f1; : : : ; fd−1), where fi denotes the
number of i-dimensional faces (with f−1 = 1 accounting for the empty face). For
example, f(Q3)=(1; 5; 5). In the study of f-vectors of convex polytopes, the h-vector,
h = (h0; h1; : : : ; hd), emerges as a useful alternative invariant. It contains information
equivalent to that carried by the f-vector and can be dened via the relation
dX
i=0
fi−1(q− 1)d−i =
dX
i=0
hiqd−i ; (42)
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where d denotes the dimension of the polytope. Note that by setting q=1 we nd that
the sum of the entries of the h-vector is the number fd−1 of facets of the polytope.
If the polytope is simplicial, then its h-vector has positive entries, and these form a
symmetric and unimodal sequence which begins and ends with 1 (see [84,178] for
further background). As a quick observation, note that hd =1. Indeed, if we put q=0
in (42), the right-hand side reduces to hd while the left-hand side is the calculation
for the reduced Euler characteristic of the boundary of the polytope, which is that of
a (d− 1)-dimensional sphere.
Since the maximal faces of the associahedron are the triangulations of a convex
(n+2)-gon, we have fn−2(Qn)=Cn, the nth Catalan number. Lee [105] computed the
h-vector of Qn, whose entries turn out to be the Narayana numbers, (1). Thus,
n−1X
i=0
hi(Qn)qn−1−i =
1
q
Cn(q); (43)
and moreover [24],
n−1X
i=0
fi−1(Qn)qn−1−i =
1
q+ 1
Schn(q); (44)
where Cn(q) is the q-analogue of the Catalan number obtained as the rank-generating
function of NCn (Eq. (10)), and Schn(q) is the q-analogue of the Schroder number
obtained by q-counting Schroder paths according to their number of diagonal steps (11).
This connection between the associahedron and NCn gives relation (12) a new in-
terpretation as an instance of the general relation between the h- and f-vectors of a
simplicial polytope. But these vectors for Qn also turn out to give (essentially) the
rank generating function (RGF) and the characteristic polynomial of NCn and NCn+1,
respectively. This leads to an alternative derivation (see [55] for details) of the fact
[89] that
NCn+1(−q) = (−1)n(1 + q)RGFNCn(1 + q): (45)
It would be interesting to have an understanding of this type of relation between the
characteristic polynomial of Xn+1 and the rank generating function of Xn for a family
fXngn of ranked posets (the boolean lattices provide another such example).
Furthermore, the products of q-Catalan numbers (24) acquire the interpretation of
the h-vector for a convex polytope, namely, a vertex gure of the associahedron (see
[55]). Consider a vertex v of Qn which corresponds to a ‘longest’ diagonal of the
polygon Pn+2 (i.e., a diagonal which has [ n2 ] vertices of Pn on one side of it). The
vertex gure Qn=v is the polytope obtained by intersecting Qn with a hyperplane which
separates v from all the other vertices of Qn. This is an (n− 2)-dimensional polytope
whose h- and f-vectors are given by:
n−2X
i=0
hi(Qn=v)qn−2−i =
1
q2
C[ n2 ]
(q)C
[ n+12 ]
(q); (46)
n−2X
i=0
fi−1(Qn=v)qn−2−i =
1
(1 + q)2
Sch[ n2 ]
(q)Sch
[ n+12 ]
(q): (47)
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This polytope-related interpretation of (24) extends to multifold products of q-Catalan
numbers and of q-Schroder numbers: given k>2 and positive integers n1; n2; : : : ; nk
summing up to n, there is a face F of Qn such that the face-gure polytope Qn=F
satises
n−kX
i=0
hi(Qn=F)qn−k−i =
1
qk
Cn1 (q)Cn2 (q)   Cnk (q); (48)
n−kX
i=0
fi−1(Qn=F)qn−k−i =
1
(1 + q)k
Schn1 (q) Schn2 (q)   Schnk (q): (49)
The associahedron arises in the broader context of secondary polytopes, introduced
by Gel’fand et al. [73] and further extended to ber polytopes by Billera and Sturm-
fels [13,14]. This is a far-reaching generalization stemming from the theory of
A-arrangements and commutative algebra (state polytopes). Briey, if an ane map
p is a projection of polytopes, mapping a polytope R onto a polytope S, then the ber
polytope (R; S) is the set consisting of all average values of the sections of p. It
is itself a polytope, its dimension is equal to dim(R) − dim(S), and the poset of its
nonempty faces, ordered by inclusion, is isomorphic to the poset of certain subdivision
of S induced by p, ordered by renement (the poset of ‘p-coherent subdivisions’; see
[13], or, e.g., the account in [178]). In particular, the nest (coherent) subdivisions
correspond to the vertices of (R; S). When R is a simplex and S is a convex poly-
gon, all the subdivisions satisfy the coherence requirement and the vertices of the ber
polytope correspond to the triangulations of the polygon. The ber polytope in this
case is a dual of Qn (i.e., the posets of faces of these two polytopes are order-duals).
Another example of a ber polytope, this time arising from projecting a cube onto a
segment (see, e.g., [178]), is the permutahedron | its combinatorial type is that of
the convex hull of the n! points in n-space whose coordinates are the permutations
of 1; 2; : : : ; n. In the next subsection we will refer again to the permutahedron and the
permuto-associahedron, which simultaneously generalizes the permutahedron and the
associahedron [92].
Another direction of generalization of the associahedron is to view Qn (or its dual)
as corresponding to the type-A root system and to seek counterparts for other root
systems. This is briey discussed in the next subsection.
5.2. Noncrossing partitions and root systems
The permutations of the set f1; 2; : : : ; ng constitute the Weyl group associated with
the root system An−1, and their combinatorial study extends fruitfully to the more gen-
eral setting of reection groups. Similarly, other combinatorial objects can be viewed
as corresponding to the type-A root system and have counterparts dened in conjunc-
tion with the geometry of other Coxeter systems (e.g., permutation statistics [26,133];
Coxeter matroids [25]; tableaux [126]).
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Fig. 9. A noncrossing partition of type B; 2NCB7 .
Noncrossing partitions lend themselves to this type of generalization and this was
carried out by Reiner [134]. Reiner dened noncrossing partitions of type B and D,
as well as a family of noncrossing partitions interpolating between these two (another
instance of B-D interpolation can be found in [18], concerning hyperplane arrange-
ments). For these generalizations, Reiner investigated enumerative and order-theoretic
properties, establishing results which parallel those known for NCn which becomes
NCAn , noncrossing partitions associated with An−1.
The set NCBn of type-B noncrossing partitions of an n-set consists of partitions 
of the 2n-element set f1; 2; : : : ; n; 1; 2; : : : ; ng, having the following properties: (1) if B
is a block of , then B is also a block of  ( B is the set obtained by barring each
element of B, with barring being an involution); and (2) the partition  is noncrossing
in the circular representation where the order of the elements is 1; 2; : : : ; n; 1; 2; : : : ; n.
Note that this implies that at most one block satises B = B. As an example, Fig. 9
shows the partition = 1 3 5=2=4 4=5 1 3=6=7= 2= 6= 7, which belongs to NCB7 .
With the renement order, NCBn is a lattice which is ranked. Fig. 10 shows the Hasse
diagram of NCB2 . The rank function is given by rank()=n−bk(), where the number
of blocks bk() stands for the number of pairs (B; B) of  with B 6= B. Thus, in the
example of Fig. 9, bk() = 4 and rank() = 3. The number of partitions in NCBn is
jNCBn j =
( 2n
n

, and, the rank-sizes are given by NCBn;k =
( n
k
2
for 06k6n, so it is a
rank-symmetric and rank-unimodal poset. Additional poset properties of NCn = NCAn
carry over remarkably naturally: NCBn is EL-shellable, it admits a decomposition into
symmetrically embedded boolean lattices (hence, is has a symmetric chain decomposi-
tion), and it is self-dual. A dierent relative of noncrossing partitions (called nonnested
partitions) also arising from geometric considerations will be mentioned in Section 7.
In a dierent direction, the Kapranov permuto-associahedron KPAn (whose ver-
tices correspond to all the bracketings of all the permutations on n letters, [92])
generalizes to Coxeter-associahedra. Work on topological and geometric properties of
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Fig. 10. The Hasse diagram of NCB2 .
these beautiful analogues for other Coxeter systems appears in [135,178]. Like the
permuto-associahedron, these are hybrids between the counterpart of permutations and
the idea of parenthesis systems. Two further constructions for type B, directed specif-
ically at nding an analogue of the associahedron itself, were dened by Burgiel and
Reiner [29]. One of the constructions is shown to be a convex polytope, the other a
spherical complex. Yet another type-B associahedron, which we denote by QBn , was
dened [142], in an attempt to parallel the properties of Qn discussed in Section 5.1.
Specically, the denition of QBn was motivated by two observations about the associ-
ahedron QAn =Qn: the h-vector of Q
A
n is given by the rank-sizes of NC
A
n =NCn and its
dual combinatorial type arises as a ber polytope. One of the features of QBn is that
it relates to the type-B noncrossing partitions in the same way in which QAn relates
to NCAn : its h-vector is given by the rank-sizes of NC
B
n ; hi(Q
B
n ) =
( n
i
2
. The entries of
the f-vector are fi−1(QBn ) =
( n+i
n
 ( n
i

, and, just as the entries of the f-vector of QAn
enumerate Schroder paths according to the number of diagonal steps, fi−1(QBn ) is the
number of (0; 0)-(n; n) ‘king’s paths’ with n − i diagonal steps (i.e., paths from the
origin to (n; n) consisting of East, North, and Diagonal steps).
Lee’s construction of QAn via a succession of stellar subdivisions starting from a sim-
plex adapts to give a construction of QBn . The faces of Q
B
n correspond to the centrally
symmetric sets of noncrossing diagonals of a (centrally symmetric) convex (2n+2)-gon.
Thus, its boundary complex  Bn is a counterpart of  n =  
A
n for the associahedron.
Fig. 11 shows QB2 and Q
B
3 . Natural embeddings of NC
A
n into NC
B
n correspond to
occurrences of QAn as links of vertices of Q
B
n which are diameters in P2n+2.
The fact that the dual combinatorial type (QBn )
 (whose vertices correspond to cen-
trally symmetric triangulations of P2n+2) can be realized as a ber polytope exemplies
a general theorem of Billera and Sturmfels [14]. Note that (QAn )
 and (QBn )
 are answers
to particular instances of the question of nding a polytope of a specied combinatorial
type (namely, the order-dual of the face-poset of the simplicial complexes  An and  
B
n ,
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Fig. 11. The type-B associahedra QB2 and Q
B
3 .
respectively). The fact that they arise as ber polytopes illustrates the possibility of ad-
dressing this type of question via the ber polytope construction: if the poset specifying
the desired combinatorial type can be interpreted as the poset of coherent subdivisions
induced by a projection of polytopes, then the corresponding ber polytope answers
the question.
5.3. Further remarks and questions
A number of other variations and generalizations of triangulations of a convex poly-
gon have been considered. Among them, triangulations of a Mobius band [58], trian-
gulations of almost-convex polygons [87], dissections of a cyclic polytope [127].
A further interesting object related to the associahedron QAn is the Tamari lattice (this
is a certain acyclic orientation of the 1-skeleton of the dual (QAn )
; a generalization is
discussed in [127]). This is a lattice with interesting properties [20,164] vis-a-vis the
weak Bruhat order of the symmetric group Sn (which can be viewed as the Tamari
poset for the permutahedron). The relation of QBn to the type-B permutahedron, as
well as a related investigation of type-D noncrossing partitions, constitutes work in
progress.
We conclude this section with an open problem. The n-dimensional hyperoctahedron
(or cross-polytope) has combinatorial type dual to the n-dimensional cube. Its f-vector,
therefore, is ‘the reversal’ of the f-vector for the cube, and it is a simplicial polytope
whose h-vector is given by the binomial coecients
(( n
0

;
( n
1

; : : : ;
( n
n

. Thus, the
type-B associahedron QBn is a polytope whose h-vector is the componentwise product
of the h-vectors of two n-dimensional hyperoctahedra. This suggests the following
question: given two d-dimensional simplicial polytopes P and Q, under what conditions
is there a d-dimensional simplicial polytope R such that hi(R) = hi(P)hi(Q) for each
i=0; : : : ; d? An easy additional example is the simplex, which is its own ‘h-square’ in
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this sense. If the dimension d is at most 4, it can be checked that no special condition
is needed on P;Q. Closely related to the h-vector is the notion of an O-sequence (see,
e.g., [84] for the denition). Hibi and Schmidt [139] independently observed that the
pointwise product of two O-sequences is again an O-sequence. Both in connection with
h-vectors and O-sequences, one can also ask the question of an explicit construction
for the polytope R.
6. Relations with algebra
Within the wide spectrum of connections between combinatorics and algebra, those
represented here exemplify relations between posets and group representations. These
are themselves of varied sorts present in the literature: sometimes an algebraic property
is conveniently expressible in combinatorial language in terms of a poset (e.g., such is
the role of the dominance lattice and Young’s lattice in the theory of representations
of the symmetric group and of symmetric functions); other times an algebraic object
attached to a poset has (algebraic) properties which reect poset properties (e.g., the
Stanley{Reisner ring of a poset and the use of algebraic topology in the investigation
of posets). The subject of nite groups acting on posets has generated a wealth of
results dealing with group representations carried by modules dened via a poset |
such as the linear span of poset elements or of maximal chains, and the homology of
(the order complex of) the poset. The last two are best developed. The set partition
lattice n has received particular attention in this respect (see, e.g., the account and
bibliography in [160,161]). The lattice of noncrossing partitions was explored from this
point of view in [112] and [153], and we believe that more along these lines remains
to be discovered.
The noncrossing partition lattice turns out to have strong symmetry properties which
give rise to a symmetric function corresponding to a representation of the symmetric
group. In turn, the structure of NCn permits the denition of an especially nice action
of Sn on the maximal chains (a ‘local action’) which gives rise to this representation.
This section is devoted to a brief overview of these facts. It is based on Stanley’s
work [152,153]. We also mention some of the related developments. For the interested
reader, the classical references [66,91,108] provide background on group representa-
tions and symmetric functions; a treatment geared toward combinatorics is given in
[138,155].
6.1. Flag-symmetry of the lattice of noncrossing partitions
The property of rank symmetry holds not only globally for NCn, but also for each
interval of NCn. This property implies that a certain formal power series FNCn(x1; x2; : : :)
is a symmetric function. It is derived from chain enumeration and is called the ag
symmetric function of the poset. Its denition is as follows.
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Let P be a nite ranked poset having a minimum element 0^ and a maximum
element 1^, whose rank we denote by n. Select a subset of ranks S  [n − 1], say
S=fs1<s2<   <skg. Let P(S) denote the corresponding number of rank-selected
chains in P. That is, P(S) is the number of chains 0^<p1<p2<   <pk < 1^ such
that rank(pi) = si for each i = 1; : : : ; k. For example, at the two extremes, we have
P(;)= 1 and P(f1; 2; : : : ; n− 1g)= the number of maximal chains of P. Now dene,
as was suggested by R. Ehrenborg, the formal power series
FP(x1; x2; : : :) :=
X
S [n−1]
P(S) 
X
16i1<i2<<ik+1
xs1i1 x
s2−s1
i2    xn−skik+1 : (50)
Clearly, this function is homogeneous of degreee n. It is also quasi-symmetric, that is:
for each t-tuple of exponents m1; m2; : : : ; mt , the monomials x
m1
i1 x
m2
i2    xmtit and xm1j1 xm2j2   
xmtjt have the same coecient, whenever i1<i2<   <it and j1<j2<   <jt . How-
ever, depending on the poset P, it may or may not be a symmetric function (i.e.,
invariant under all permutations of the variables).
It is natural then to ask: when is FP(x1; x2; : : :) a symmetric function? A necessary
and sucient condition emerges from the denition (50): for every S  [n − 1], the
value of P(S) depends on the multiset s1; s2 − s1; : : : ; n − sk , but not on the order
of these rank dierences. If this is the case, P is called a ag-symmetric poset and
FP(x1; x2; : : :) is called the ag symmetric function of P. A sucient (but not necessary)
condition for ag symmetry is that the poset be locally rank symmetric, i.e., that every
interval of P be rank symmetric. The class of locally rank-symmetric posets yields a
good number of examples of ag-symmetric posets, including: several classes of posets
discussed in [152], the noncrossing partition lattices, P=NCn+1 [153], posets of shues
[145], posets of shues of multisets [82], noncrossing partitions of types B and D
[83]. These and references given in the next subsection also include further related
work.
The ag symmetric function of the poset NCn+1 has interesting expansions in terms
of various bases for the space of homogeneous symmetric functions of degree n. For
instance, in terms of elementary symmetric functions, Stanley showed that
FNCn+1(x1; x2; : : :) =
X
‘n
#(2NCn of type )e; (51)
where the coecients are given by Kreweras’ formula (3).
Of particular interest is the fact that FNCn+1(x1; x2; : : :) is Schur positive, that is, all
coecients in its expansion in terms of Schur functions are nonnegative. From gen-
eral theory, this implies that FNCn+1(x1; x2; : : :) corresponds to a representation of the
symmetric group Sn. (Briey and informally, the (linear) representations of the sym-
metric group are mirrored by symmetric functions; a mapping called the Frobenius
characteristic assigns a symmetric function to each representation of Sn, which is much
like a generating function for the values of the character of the representation; the irre-
ducible representations of Sn, which are the building blocks of all the Sn-representations,
correspond to the Schur functions; thus, a positive integral combination of Schur func-
tions, such as FNCn+1(x1; x2; : : :), corresponds to a representation of Sn.) As usual in this
398 R. Simion /Discrete Mathematics 217 (2000) 367{409
correspondence between Sn-representations and symmetric functions, the degree of the
representation is the coecient of the square-free monomials. For ag-symmetric func-
tions, denition (50) shows that this is equal to P(f1; 2; : : : ; n−1g), that is, the number
of maximal chains of P.
This invites the following question concerning ag-symmetric posets P: since CM(P),
the complex linear span of the maximal chains of P, is a vector space of dimension
P(f1; 2; : : : ; n− 1g), is there a natural action of Sn on the maximal chains of P which
yields a representation with Frobenius characterisic FP(x1; x2; : : :)? Stanley pursued this
question in [152], seeking a particularly nice kind of action, called a local action. This
and the instance P =NCn+1 are the subject of the next subsection.
6.2. A local action of Sn on NCn+1
Motivated by work of Vershik [168] on local stationary algebras, Stanley introduced
the notion of a local action on the maximal chains of a ranked poset. Suppose the
symmetric group Sn acts on the space CM(P) with a basis given by the set M(P)
of maximal chains of P (P is, as earlier, a nite ranked poset of rank n, having a
minimum and a maximum element). The action is a local action if for every maximal
chain c2M(P) and each transposition i = (i; i + 1) in Sn (for i = 1; 2; : : : ; n− 1), the
action of i on c either (1) leaves c xed, ic= c, or (2) gives a maximal chain which
diers from c in only one element, namely the element of rank i.
Several classes of posets admitting a local Sn-action appear in [76,82,83,145,152,153].
The instances where a local Sn-action is explicitly given share a common feature: the
maximal chains of the poset can be labeled in such a way that the desired Sn-action
is that of permuting labels.
It is interesting that in almost every case investigated to date, a labeling of the
maximal chains was already known (established in connection with the shellability
of the poset), but these labelings were not suitable for describing a local Sn-action.
New labelings were devised (and their relation to the topology of the poset is work in
progress [143]) satisfying the following condition (see also Fig. 12):
if c = 0^<p1<p2<   <pn−1< 1^ is a maximal chain of P, then for each
i = 1; 2; : : : ; n− 1
either the labels of the coverings pi−1<pi and pi <pi+1 are equal; (52)
or these labels are dierent; and there is a chain
c0 = 0^<p1<   <pi−1<qi <pi+1<   <pn−1< 1^
such that the label of pi−1<pi on the chain c
equals that of qi <pi+1 on the chain c0;
and the label of pi <pi+1 on the chain c
equals that of pi−1<qi on the chain c0:
(53)
For P = NCn+1, the number of maximal chains is (n + 1)n−1 (for the Zeta poly-
nomial, for example, see [57]). But this is also the number of parking functions on
R. Simion /Discrete Mathematics 217 (2000) 367{409 399
Fig. 12. Illustration of conditions (52) and (53).
the set f1; 2; : : : ; ng (an elegant proof due to R. Pollack is included in [153]). A park-
ing function is an n-tuple (a1; a2; : : : ; an) whose entries are from f1; 2; : : : ; ng, such
that when ordered (weakly) increasingly, say, a016a
0
26   6a0n the inequality a0i6i
holds for each i = 1; : : : ; n. For example, there are three parking functions for n = 2:
(1; 1); (1; 2); (2; 1). Parking functions, which will occur again in Section 7.3, arose in
a computer science=optimization context [97] which explains the terminology: suppose
there are n parking spaces, numbered 1 through n, along a block of a one-way street;
n drivers need to park their cars; the ith driver has a preference for the parking space
ai; in attempting to park, each driver goes directly to his favorite space and (1) if
it is free, parks there; or (2) if it is already taken, advances along the street and parks
in the rst available space, if one exists; if both (1) and (2) fail, the driver cannot
park. The tuple of preferences (a1; a2; : : : ; an) is a parking function if all drivers
can park their cars. Thus, for instance, all n! permutations of f1; 2; : : : ; ng give park-
ing functions. In general, a parking function is characterized by the fact that for each
k = 1; : : : ; n, at most k drivers favor a space among the last k along the block (so
(2; 2) is not a parking function since the last space is the favorite of more than one
driver).
Stanley [153] devised a labeling of the maximal chains of NCn+1 such that the label
sequence of each chain is a dierent parking function and the condition (52){(53) is
satised. This gives a natural candidate for a local Sn-action on the maximal chains
of NCn+1: the permutation action on labels, obtained by setting i(c) = c if (52) holds
and ic= c0 if (53) holds. To show that this is indeed a well-dened action, one must
check that the Coxeter relations hold, that is, for every maximal chain c,
2i c = c for all i; (54)
ijc = jic for all ji − jj>2; (55)
ii+1ic = i+1ii+1c for all 16i<n− 1: (56)
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The verication of the Coxeter relations relies on the relation between the chain labeling
and the interval structure of NCn+1.
Because the action is a permutation action on labels, it is not dicult to understand
the orbits: maximal chains in the same orbit are labeled with the same multiset of
labels. For example, when n=2, there are two orbits: a singleton orbit (formed by the
chain labeled by (1; 1)) and an orbit of two chains (those labeled by (1; 2) and (2; 1)).
Each orbit contains exactly one chain labeled by a parking function (a1; a2; : : : ; an)
with (weakly) increasing entries. But this corresponds to a noncrossing partition in
NCn (via a Catalan path whose ith North step, counting from the point (n; n), is
at x-coordinate n − ai + 1; see Figs. 2(f) and (g) for an example). Moreover, the
block sizes of this noncrossing partition are given by the (positive) multiplicities of
1; 2; : : : ; n in the parking function entries. Now, it is a basic fact that the permuta-
tion action of Sn on a multiset with multiplicities given by a partition  ‘ n has h
(the complete homogeneous symmetric function) as its Frobenius characteristic. There-
fore, the Frobenius characteristic for the local action of Sn on the maximal chains of
NCn+1 isX
‘n
#(2NCn of type )h: (57)
By comparing (51) and (52) we conclude that the ag-symmetric function of NCn+1
and the Frobenius characteristic of the local Sn-action are equal up to the standard in-
volution ! on the space of symmetric functions (see [108]; this involution interchanges
complete homogeneous and elementary symmetric functions; alternatively it can be de-
scribed by specifying that !s = s0 for Schur functions, where 0 is the conjugate
partition of ).
Similar results for other posets appear in the references mentioned in this subsection.
As a step toward a general theory, [145] provides some general results about chain
labelings yielding local Sn-actions with Frobenius characteristic equal to FP(x1; x2; : : :)
or !FP(x1; x2; : : :).
7. Further examples
We conclude with a brief mention of two further settings in which noncrossing
partitions arise, and with a few examples of related classes of set partitions.
7.1. Noncrossing partitions and probability
A classical connection of continued interest between noncrossing partitions and prob-
ability is via lattice paths and ballot sequences (see, e.g., [98,111]). More recently, the
lattice of noncrossing partitions was brought into play by Speicher’s work on quan-
tum probability [148] and the notion of free convolution of measures introduced by
Voiculescu [170]. It turns out that in the study of free probabilities (for which inde-
pendence is dened in terms of free product instead of tensor product), the lattice of
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Fig. 13. Model for RNA secondary structures.
noncrossing partitions plays a role analogous to that of the lattice of (unrestricted) set
partitions in the expression of cumulants. This was made explicit by Speicher [149].
Further related work includes [113{116], the survey [150] and the monograph [171].
Of related interest as well is [12], which treats connections between free probability,
noncrossing partitions, and representations of the symmetric group.
Two structural properties of the noncrossing partition lattice appear to play a key
role in this setting: its self-duality and the fact that there is a canonical notion of
type for the structure of the intervals. Each interval [; ] of NCn is isomorphic to a
product
Q
i>1 NC
ki
i of (smaller) noncrossing partition lattices. The multiplicity of the
factor NC1 (which is a single-point poset) is a priori ambiguous. This is resolved, and a
canonical product expression results, by taking k1 to be the number of blocks of  which
are equal to blocks of  (see [148]). Consequently, one can consider multiplicative
functions in the incidence algebra of NC(1) := Sn>1 NCn, that is, functions f dened
on intervals of noncrossing partitions such that f([; ]) =
Q
i>1 f([0^NCi ; 1^NCi ])
ki if
[; ] ’ Qi>1 NCkii is the canonical product expression for the interval [; ]. Hence,
a multiplicative function f can be encoded via Ff(x) := 1 +
P
i>1 fix
i, where fi =
f([0^NCi ; 1^NCi ]). A point of interest then becomes the convolution of multiplicative
functions and its relation with the fact that the cumulants given by the noncrossing
partitions in NC(1) linearize Voiculescu’s operation of free convolution.
The interested reader may consult [149] for remarks about positivity aspects not ad-
dressed by the combinatorial treatment, and [145] for a similar monoid of multiplicative
functions aorded by the posets of shues of nite words over two innite alphabets.
7.2. Relations to problems in molecular biology
Noncrossing partitions arise in an idealized model for the secondary RNA structure
[121,157]. Viewing the sites (nucleotides) along the sugar phosphate backbone of the
macromolecule as the set f1; 2; : : : ; ng on the real line, bonds between pairs of sites can
be represented by arcs. This yields a diagram corresponding to a set partition. One of
the considerations incorporated in this model translates into the fact that the partition
is noncrossing. Fig. 13 shows an example, along with the associated ‘collapsed bond
picture’ of the macromolecule.
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The topology of the space of RNA secondary structures is investigated in [121]. One
of the results is equivalent to the fact that the simplicial complex  n of Section 5.1
is spherical. Other work motivated by the interest in RNA secondary structures treats
related enumeration questions. This includes [120] (with dierent assumptions stemming
from physical considerations), [140] (using the combinatorial language of trees), [167]
(the ‘pyramid’ statistic on Dyck paths motivated by the study of the ‘complexity’ of
RNA secondary structures), [47] (two q-analogues of the Catalan numbers derived from
combinatorial statistics inspired by the RNA secondary structure model).
The model briey mentioned here sets aside the fact that the sugar phosphate back-
bone is not arbitrarily exible, and that experimental evidence suggests that at least
two or three sites separate the sites supporting a bond (see [121]). This motivates the
investigation of Catalan objects with side-conditions that emulate these restrictions. For
instance, [110,118] include an investigation of noncrossing partitions in which consec-
utive elements cannot lie in the same block, and [110] pursues simplicial complexes
formed by certain restricted dissections of a convex polygon. A reference of related
interest, with an application to Hill’s enzyme model, is [174].
7.3. Related classes of set partitions
In addition to noncrossing matchings (mentioned in Section 4.3) and noncrossing
partitions with side conditions on the distance between successive elements in a block
(mentioned in the preceding section), the class of k-divisible noncrossing partitions
received attention in [56] from the point of view of enumeration. These are noncrossing
partitions in which each block has cardinality divisible by k (hence, for a given k,
such partitions exist in NCn only if n itself is a multiple of k). In the case of n a
variety of subposets have been studied as well, notably with regard to the topological
properties of the order complex and with regard to symmetric group representations on
its homology. The side-conditions dening the subposets of n are numerical conditions
on the ranks or on the block-sizes. For example, subposets of partitions having ranks
from a specied set, or whose block-sizes must belong to a specied set of natural
numbers are investigated in [28,160{162], and in further references given in these
papers.
Noncrossing partitions can be viewed as a class of set partitions with restrictions
on the relative positioning of the blocks. As such, they may be considered as rel-
atives of other classes of set partitions occurring in the literature. One such exam-
ple is the class of partitions avoiding the pattern abba in their restricted growth
functions. Partitions whose restricted growth functions are abba- and abab-avoiding
set partitions (the latter are precisely the noncrossing partitions) arose in connec-
tion with Davenport{Schinzel sequences. With this motivation, extremal questions and
enumeration (according to the number of blocks and a minimum distance required
between successive elements in the same block) are addressed in [93,94]. Another
example is the class of nonoverlapping partitions. These are less restrictive than
noncrossing partitions: the dening condition is that there is no pair of blocks, Bi, Bj,
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such that minfe: e2Big<minfe: e2Bjg<maxfe: e2Big<maxfe: e2Bjg. A con-
tinued fraction expansion for the generating function and asymptotic results concerning
nonoverlapping partitions are presented in [62].
In a dierent direction, the enumeration of set partitions allowed to have a controlled
number or type of crossings has received attention from several authors, including
[11,23,114] (counting partitions by number of crossings, using a couple of dierent
denitions for what constitutes a crossing), [88] (counting matchings by crossings)
and [85,109] (partitions of genus 1).
We conclude with a further remark concerning nonnested partitions. Under this name,
the abba-free partitions arose in connection with the study of certain deformations of
Coxeter arrangements. An example is provided by the Shi arrangement. This is a de-
formation of the braid arrangement, consisting of the hyperplanes in Rn with equations
xi−xj 2f0; 1g, for 16i< j6n. The number of n-dimensional regions (connected com-
ponents of the complement in Rn of the union of the hyperplanes) was shown by Shi
to be (n+1)n−1. This is equal to the number of parking functions discussed in Section
6.2, and also occurs in connection with the dimension of the space of diagonal harmon-
ics (related to the context in which arise the q; t-Catalan numbers mentioned in Section
3.8). The faces of the Shi arrangement lend themselves to a description in terms of
nonnested partitions, NNn, of an n-element set. Related combinatorial aspects (includ-
ing enumeration and bijective proofs) appear in [5,6,154], and in further generality
in [122,123]. Enumeratively (but not order-theoretically), noncrossing and nonnested
partitions bear striking similarities. Not only is it the case that #NCn=#NNn for every
n>1, but Kreweras’ type formula (3) is valid if NCn is replaced by NNn. Postnikov
[122] dened a notion of nonnested partitions associated with Coxeter groups, in terms
of which NNn corresponds to the type-A root system. He also obtained a formula for
the number of nonnested partitions of other types (in terms of the exponents of the
root system, see [86]) providing a geometric generalization of the Catalan numbers Cn.
Dedication. During the preparation of this article, we were saddened to learn of Ger-
main Kreweras’ death on March 3, 1998. The author wishes to dedicate this paper
in rememberance of his mathematical creativity and of the unassuming encouragement
and kind support which he extended to younger colleagues.
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